CERN-TH/96-263 
NEIP-96/007 
hep-th/9610053 
October 1996 



Self-Dual Strings and Stability of BPS States 
in N=2 SU(2) Gauge Theories * 

A. BrANDHUBER^'^ and S. StIEBERGER^ 



^ CERN - Theory Division 
CH-1211 Geneve 23, SWITZERLAND 



and 

"^Institut de Physique Theorique 
Universite de Neuchdtel 
CH-2000 Neuchdtel, SWITZERLAND 



Abstract 

We show how BPS states of super symmetric SU{2) Yang-Mills with matter - 
both massless and massive- are described as self-dual strings on a Riemann surface. 
This connection enables us to prove the stability and the strong coupling behaviour 
of these states. The Riemann surface naturally arises from type-IIB Calabi-Yau 
compactifications whose three-branes wrapped around vanishing two-cycles corre- 
spond to one-cycles on this surface. 
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1 Introduction 



Within the last two years N=2 supersymmetric Yang-Mills theories have received a lot 
of interest due to their ability of extracting non-trivial results about non-perturbative 
physics |l|, 1^, 1^. In the following we will discuss SU{2) supersymmetric Yang-Mills with 
Nf matter fields in the fundamental representation. At the classical level, these theories 
contain the Abelian U{1) gauge boson which gives rise to the N=2 vector multiplet A. 
Besides we have the non-Abelian VT-bosons together with Nf quarks. The latter appear 
in N=2 hypermultiplets, which can be arranged in two N=l chiral multiplets (Q*, Qi), i = 
1, . . . , Nf. At the semi-classical level one can construct in the Coulomb phase monopole 
solutions and other dyonic states (Ij^e), where Ue refers to their electric charge rig and 
= 1 is the magnetic charge. The construction of supersymmetric solutions for dyons 
with higher than one magnetic quantum number {rim = 2) was presented for N=4 in @] 
and for N=2 in p[. With an N=2 invariant mass term, the superpotential reads: 



Nf 



W = V2AQ'Qi + J2miQ'Qi- (1-1) 



i=l 



The mass of all states in such theories satisfy the Bogomolnyi-bound 

Mn^,ne,s, >y/2\Z\ = V2\nmaDiu) + nea{u) + 4= XI ' (1-2) 

v2 i 

where Z is the central charge of the N=2 supersymmetry algebra which is a linear com- 
bination of conserved charges. The periods a{u) and aoiu) are holomorphic sections over 
the moduli space u. The quantum numbers Si denote the global U{1) charges of the 
hypermultiplets. Particles for which the equality holds, are called BPS saturated states. 
This is the case for the small representations of the N=2 SUSY algebra like hypermulti- 
plets. The quarks (0, 1) and the dyons (l,ne), (2,ne) appear in N=2 hypermultiplets and 
are therefore BPS states with: M = \/2\Z\. 

In contrast to N=4 supersymmetric theories, these functions receive quantum correc- 
tions in N=2 theories, which fortunately are under control ^ |, |^, ||, |^ . Nevertheless, 
they have non-trivial dependence on the modulus u and it may happen that the mass 
( |1.2| ) of a dyon becomes heavier than the sum of the mass of several dyons. Then it will 
decay into these particles. Of course, this decay has to conserve the quantum numbers 



rie, Tim, Si. From eq. (|1.2|) it is easy to see this effect to take place for = at the curve, 
determined by: 

( "-44) = ■ (1.3) 



The fact that the BPS spectrum jumps when passing this curve, called curve of marginal 
stability, is not expected in conventional field theories. This curve divides the moduli 
space into two parts: a strong coupling region and a weak coupling regime. States which 
are stable at weak coupling as e.g. the gauge bosons decay when crossing this curve and we 
have to distinguish between a weak-coupling spectrum and a strong-coupling spectrum 



1 



surving when passing this curve. In general, at the classical level there are subspaces 
of the moduli space, where parts or the full gauge group is restored and the VT-bosons 
become massless. For SU{2) gauge symmetry this is just the point u = 0. However, the 
non-perturbative expressions for au{u) and a{u) tell us that there are points Uj in the 
moduli space where hypermultiplets of spin < ^ and quantum numbers (n^, ra^) become 
massless. At these points we have: 




j 

Tim 



;i-4) 



This means that these points lie on that curve. Since it should be possible to go from 
u = oo, the weak-coupling region, until these points without crossing that curve, the 
states {ni,ni^) are supposed to exist also at weak-coupling. Notify that, except at the 
superconformal points |]10|, |lT|, the electric period a{u) does not become zero. Therefore, 
the ly-boson and the quarks never become massless in the moduli space. I.e. the W 
bosons are heavy everywhere in the moduli space and the SU{2) is always broken to U{1) 
thus allowing for monopole solutions in the whole moduli space. 

Both ao and a are solutions of a PF system. Therefore, finding this curve immediately 
translates to the condition for the curve being a solution of the underlying Schwarzian 
differential equation with a proper choice of boundary conditions at m = Uj. For the 
massless case the curve is a solution of an usual Schwarzian differential equation p!2| , ^. 
This curve has been determinedS for the massless cases in O, H. In the massive 



case one has to solve a Schwarzian differential eqution of third order involving fifth order 
derivatives which is quite involved |T^. In addition, a further problem arises from the 
possiblity for the periods to have residua. They appear in (|1.2| ) in the last term. Then 
the monodromie group is no longer SL{2, Z), but acts also non-trivially on the quantum 
numbers Si. E.g. for Nf = 1, this has the effect that at m ~ — > oo, where the quark 
becomes massless, the weak-coupling monodromie transforms the monopole (1, 0)5 into 
(1, 0)s-i ■ Since S is bounded, the monopole becomes a multiparticle state. Therefore a 
jump in the spectrum should also take place at weak-coupling 0. On the other hand, 
since u ~ becomes a strong-coupling singularity as m ^ 0, which lies on the curve of 
marginal stability, it is obvious that 'a part of that curve' moves toward infinity. 

Let us make a list of all states to be expected in N=2 supersymmetric theories from 
consistency considerations, which basically follow from looking at the weak-coupling mon- 
odromy. For pure SU (2) SYM one obtainsi (n E '2.) |T[] 





weak-coupling 


strong-coupling 


Nf = 


(0,2), (l,2n) 


(1,0), (1,2) 



;i.5) 



^See also |T|. 

^The electric charge Ue is normalized such that the charge of the quarks becomes integer. Then a has 
to be divided by 2 with the result that the mass (L2) does not change. The quantum numbers refer to 
a certain choice of the basepoint, i.e. a specific choice of monodromie representation. 
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The expected spectrum in pure SU (2) SYM. 



Of course, all tables have to be completed with the corresponding anti-particles. For 
SU{2) SYM with Nf = 1, . . . , 3 matter fields (n G Z) the following weak-coupling spec- 
trum is assumed! [0: 





m = 


m — > oo 


Nf = l 


(0,l)i, (0,2)o, (l,2n)i, (l,2n + l)_i 


(0,1), (0,2), (l,2n) 


Nf = 2 


(0,1)(2,2), (0,2)o, (l,2n)(2,i), (l,2n+l)(i,2) 


(0,1), (0,2), (l,2n) 


Nf = 3 


(0,1)6, (0,2)o, (l,2n)4, (l,2n + l)4, (2,2n + l)o 


(0,1), (0,2), (l,2n) 



(1.6) 

The expected weak-coupling spectrum in SU (2) SYM with Nf flavours. 



The table represents two limits m = and m oo. The limit m — > oo corresponds to the 
case where the quarks can be effectively integrated out from the theory with the result of 
pure SYM ( |1.5|) . To determine the spectrum for m = one looks at the decomposition 
of the Spin{2Nf) flavour quantum numbers when the mass goes from m = oo to m = 0. 
These two limits, the classical limit A ^ 0, an 7^-symmetry and the form of the instanton 
corrections are enough to determine the curves and therefore the periods a{u) and a^iu) 
in [0. By that one ends up with the requirement for existence of special dyons with special 
S0{2Nf) chirality. The existence of these dyons with the speciflc S0{2Nf) chirality was 
proved in |^ for N=2 supersymmetric theories. In the Nf = 3 case the dyon (2, l)o is 
required to exist and to become massless at a certain point uj, which lies, along our 
previous arguments, on the curve of marginal stablity. Therefore this state should exist 
even at weak coupling. Then the weak-coupling mondromie can create the whole set of 
states (2, 2n + 

As we will see later, the change in the spectrum from m = oo to m = goes contin- 
uously rather than discontinuous. More precisely, when going from m = to m = oo, 
the higher the mass becomes the more dyons with odd electric charge will disappear from 
the spectrum. Another quite non-trivial result is that at the singularity Uj dyons with 
non-vanishing magnetic quantum numbers have to become massless for small masses m 
whereas for large m the quarks should become massless. We will comment on this issue 
later. For the strong-coupling regime one expects [0] 

'^The quantum numbers refer to the unbroken flavour group SO{2) ~ U{1), 
Spin{A) ~ SU{2) x SU{2), Spin{6) ~ SU{A) for Nf = 1,2,3, respectively §. The index 6 is 
w.r.t. SO{6). 
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m = 


m 7^ 


m — > 00 


Nj = l 


(l,0)i, (l,-2)i 


(1,0), (1,-1), (1,-2) 


(1,0), (1,2) 


Nf = 2 


(1,0)(2,1), (1,1)(1,2) 


(1,0), (1,1) 


(1,0), (1,2) 


Nf = 3 


(1,0)4, (2,-1)0 


(1,0), (2,-1) 


(1,0), (1,2) 



The expected strong coupling spectrum in SU(2) SYM with Nf flavours. 



Let us briefly mention the Nf = 4 case. For vanishing bare masses this is a scale-invariant 
theory without any quantum correction to ( |1.2| ). This means that the full SU{2) is 
restored at m = 0. The condition ( |1.3|) is never satisfied implying that there is no curve of 
marginal stability, i.e. no distinction between strong- and weak-coupling. Since in this 
case the full S'L(2, Z) acts on (n^j/ie) we can create the hypermultiplets {p,q) and the 
vectormultiplets (2p, 2g), with p, q relatively prime, from the elementary states (0, 1) and 
(0,2), respectively. Like in N=4 these states appear as multi-monopole bound states. 
The validity of a part of the above tables, namely for m = 0, was shown in [l^, ^. 



This was done by using the global discrete symmetry Z4_7v^, arising from a combination 
of an 7^-symmetry and a parity transformation on the Q, Q and showing that in the 
strong-coupling regime, stable BPS states appear in Z4_Arj.-multiplets p. This discrete 
symmetry acts on the Coulomb branch of the moduli space. Besides the existence of 



a curve of marginal stability with the property ( |1.4|) was assumed. Unfortunately, for 
Nf = 3 such Z-symmetry does not exist and not much can be said about the (2, — 1)- 
state. Since in the massive case the Z4_7v^ symmetry is broken by the second term in 
( |1 . 1| ) and the geometry of the curve of marginal stabilty is by no means obvious, such 
arguments can no longer be applied and one has to find new techniques. 

In this work we want to address this question from a string point of view. But string 
theory is not just a useful technique to answer this question but it seems also to be the 
right framework for complicated scenarios which involve non-trivial interactions between 
different types of dyons, as described before: the decay of a photon into several other 
dyons at the curve of marginal stability or at the superconformal point the appearance of 
a monopole and a dyon becoming massless. We will see that the string picture puts these 
dyons on the same footing as the gauge boson. 

Towards this direction, the first step is to find the proper typell string compactifica- 
tion, which has to be a if3-fibration with ADE-type singularity |[17| , |18|. Such manifolds 
allow Riemann surfaces of the kind discussed in ^ to emerge naturally after taking proper 
limits. This fact implys that we can obtain all properties of the Seiberg-Witten theories, 
like the periods and the BPS-spectrum from that particular string vacuum. This was 
acomplished in the case of pure SU{2) for the periods and monodromies in ||1^ and for 
the BPS-spectrum in |jl^. In this article we want to generalize this idea to the case of 
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SU(2) SYM with matter fields. We want to verify tlie tables ( |1.6| ) and ( |1.7] ) from the 
string point of view. Coming from six-dimensional Calabi-Yau compactifications a BPS 
state from the tables above appears as a self-dual string on that Riemann surface S. 
The question of stability of this state reduces to the question of how the string winds 
around the SW-torus S, which translates into the problem of looking for geodesies on 
this surface. 



2 SW— geometry from ALE— fibrations 



One of the most striking manifestations of the recently discovered string dualities is the 
equivalence of heterotic string compactified on K3 x with type IIA on a Calabi- 
Yau threefolds [0. The latter have to be K3 fibrations [^. 
with a K3 fibred over a base CP^. These theories have N= 



21|. These are manifolds 



=2 supersymmetry in four 
dimensions and since the heterotic string theory gives rise to perturbatively enhanced 
gauge symmetries we expect some form of Seiberg-Witten theory to emerge in the dual 
type II picture. For large base space/weak coupling the theory should behave like a K3 
compactification of type IIA theory which on the other hand is dual to the heterotic string 
on 1^ . The enhanced gauge symmetries of the heterotic Narain lattice are reflected in 
ADE singularities on the K3. Furthermore, for finite base space non-perturbative effects 
should deform this semi-classical gauge theory into the Seiberg-Witten theory. This was 
demonstrated for some examples in There it was shown that in certain regions of 
the CY moduli space the CY periods turn into SW periods dressed with gravitational 
a'-corrections. For this to work also in more general cases one expects that the CY is a 
/TS-fibration and the K3 fiber has an ADE-singularity somewhere on the moduli space. 
This means that in a certain local neighbourhood the CY on the type IIB side looks like 
a fibration of an ALE-space 



18, 23 : 



W* 



(2.1) 



P^DE denotes the non compact ALE-space corresponding to the relevant singularity of 

is the quantum scale. The 



~ e 



-s \ 



ADE-type, z is the coordinate of the base CP^ and A 
precise form of the function / will determine how the K3 is fibred over CP^. For the case 
of an y4„-singularity@, which gives SU (n -|- 1) gauge symmetry, the relevant ALE space is 
given by [p!8 



pALE ^ 2P^^ {x- u,) + zl + zl = - usx^-^ - ... - u^+i + zl + zl , (2.2) 

where the Uj denote the gauge invariant Casimirs and the quadratic pieces are irrelevant 
deformations (from the singularity point of view). For / we have the following expression: 

A2(n+1) 

f = z + . (2.3) 

"^The case for Eq has been solved recently in ||23|] . 



5 



Up to the quadratic pieces in zi and Z2 the local, non-compact, piece of the CYM ( |2.1| ) 



z + 



^2(n+l) 



^ADEi'^k] 2;, Zi, Z2) 



(2.4) 



describes the curve for N=2 SYM with gauge group 5*^7 (n + 1) without matter . 
The addition of matter fields results in a change of the base /. For details see ref. 

ll), one expands the relevant CYM W* of type IIB 



| 25| . As in the case without matter 
around the SU (2) symmetry enhancement point. Then the lowest expansion in e provides 
us after some redefing and rescaling of the CY moduli and coordinates a polynomial whose 
J-function agrees with the one of the corresponding SW-curves. In particular one obtains: 



sw 



h2 + x^-2M = 

z 

— + IQmz + 82^ 
z 



+ 8u = 



Nj = 



Nf 



(2.5) 



From integrating the holomorphic three-form Q of the CYM over the relevant two- 
cycles of the K3, one can deduce the periods Xsw of the Riemann surfaces (|2^ ). One has 
to isolate the non-trivial two-cycles on the K3 



dx dz 



z 



to arrive at 18, 25 



A 



dz 



sw 



X- 



with X being the difference of any pair of branchpoints of 
Nf = 2,3 can be treated along these lines |p5[ . 



(2.6) 
(2.7) 

The other two cases 



3 BPS states as self— dual strings 

Let us describe how the BPS states of these supersymmetric field theories (|275|) arise, 
which one obtains from expanding the CYM of type IIB around a i^S-singularity and 
taking the limit e 0. The latter limit switches off gravity a' — ^ 0. The relevant BPS- 
states of typellB in ten dimensions correspond to 3-branes. Their space-time coordinates 
couple to a three-form with self-dual field-strength Cmnpq- These 3-branes are wrapped 
around 3-cycles of the CYM. There are two ways of wrapping these 3-branes over 3-cycles. 
One possibility is that the 3-cycle has the topology of the direct product S"^ x 5^ of a 
two-sphere S*^ lying in the ALE-space with a self-dual harmonic two-form gij near the 
singularity and a one-cycle S*^ lying on the curve ( |2.3| ). In the other case the three- 
cycle 5*^ cannot be decomposed in such a way. Nevertheless, in both cases it should be 
possible to obtain a piece which can be related to a 2-cycle of K3 after taking proper 
projections. The decomposition of the self-dual four-form Cijap = gij A Ba/3 gives rise 
to an anti-symmetric tensor Bajs in six dimensions with self-dual field-strength. This 
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-B-field appears in a tensor multiplet with five other scalars. The low-energy theory of 
type JIB on K3 is therefore described by a free tensor multiplet of N=2 and a light string 
which couples to this 5-field. Since the field-strength of B is self-dual this string is called 
self-dual. As we will see later, its mass scales with the volume of the two-cycle around 
which we wrap the three-brane. This volume becomes small around the ADE-singularity. 
Therefore the mass can be tuned to be much lighter than the string modes, i.e. it is a 
non-critical string without gravity. It has N=2 supersymmetry in six dimensions and was 



first studied in [^. Sometimes it is also called tensionless string, since its tension also 
scales with the volume of this two-cycle. 

Upon further compactification on ( |2.3| ) the -B-field splits into Bau = ^aA^^^ . The 
tensor-multiplet gives rise to a vector multiplet for the gauge field A[f ^ in four dimensions. 
It may be electric or magnetic depending on the chosen homology cycle Ua of the base. 
Finally, wrapping the 3-brane, we have already wrapped around the vanishing 2-cycle of 
the K3, around the remaining we end up with the self-dual string on the base z. 

There is an important fact which arises due to the non-trivial dependence on the base 
point z. The local description ( p.4|) of the CYM W* can be written like: 



n+1 

Y[[x - ai{z)] + zf + zl = Q . (3.1) 

1=1 

In particular, from this form one immediately realizes |^ that a vanishing two-cycle 5*^^ 
is related to a point on the base z, with ai{z) = aj{z), i.e. a point, corresponding to the 
branchpoints of the curves ( |2.5| ), where the K3 degenerates. In general, moving along 
a curve in the base z implies a Weyl transformation on the set of two-cycles. To avoid 
these transformations one introduces the Riemann surface S, on which curves correspond 
to curves on the 2;-plane with trivial action on the two-cycles. However this Riemann 



surfaces S of genus n are precisely the curves ( p. 51) one obtains from the local fibrations 
up to the quadratic pieces in Zi,Z2: 

n+1 

S : l[[x - aiiz)] = . (3.2) 
1=1 

The other two branchpoints are cq = 0, Cqo = oo. This tells us that the SW-torus 
appears on the typell side as an object on which one-cycles arising from wrapping three- 
branes around three-cycle are disentangled from the two-cycles of the local ALE-space, 
in contrast to the base P^. 

To make this more precise we take as example Nf = 1 of ( |2.5| ). The Riemann surface 
S is 

E : [x — ai{z)] [x — a2{z)] = , (3.3) 

with: 
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Therefore we obtain a vanishing two-cycle for ai{z) = a2{z), i.e. z = Ci with the being 
the branchpoints of the base, i.e. solutions of 



— + 16mz + 8z^ + 

z 







61,62,63 



(3.5) 



It was further explained in WB 



that on this Riemann surface all information about the 
three-cycles is encoded: E.g.: a three-cycle on the CYM will correspond to a one-cycle 
on S, however to an open curve that ends on two brachpoints e, on the base z. Moreover, 



after three-branes wrapped around such three-cycles correspond to hypermultiplets. 
On the other hand, a. S"^ x corresponds to a closed curve on the base z and also to 
a closed curve on E. A three-brane wrapped around such three-cycles may give rise to 
vector- or hypermultilpets [^. In the cases under consideration they give rise to vector 
multiplets. 

As we have explained before, the relict of a three-brane wrapped around a two-cycle 
Sij is a self-dual string, denoted by ij, on the 2;-plane. After |^ to this two-cycle the pair 



X = ai{z), aj{z) can be associated. This means that ( p.7|) is a multi-valued function on z, 
however single- valued on S. To determine the mass for this string, stretched between z 
and z + dz, we have to use (p.7|) and take into account this ambiguity in x with the result 



M./{z) 



dz 

[ai{z) -aj{z)] — 



(3.6) 



For our example (|3.4|) we obtain from (|2] 



,7Vf=i dz 



(3.7) 



and 



h IQmz 



Iz^ + 8u — 



(3.8) 



We are interested in BPS states which finally represent the SW-spectrum. Therefore 
we should wrap the three-branes around minimal-volume three-cycles. This turns into 
the problem of minimising the mass of the string over the z-plane since the 2-cycle over z 
has already a minimal surface. This translates into the condition of looking for geodesies 
on the z-plane. Then, by construction, they locally minimize the mass ( p.6| ). Following 
the arguments above, we should get a closed string (geodesies) for a vector multiplet 
such as the W boson. For hypermultiplets we expect open strings (geodesies) with their 
ends at the branchpoints Cj. In particular the quarks, the monopole and all dyons should 
appear in this way. To conclude, what we are looking for are either geodesies running on 
the P^-base between two branchpoints Cj which correspond to hypermultiplets or closed 
geodesies running around a pair of branchpoints which represent vectormultiplets i.e. 
gaugebosons. Of course, not all geodesies can be interpreted as stable BPS-states, i.e. 
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not all three-cycles will lead to stable BPS-states. Since the meromorphic differentials 
Xsw have poles (e.g. cq = in the Nj = 1 case), there are geodesies going to a singularity. 
Eq. ( |3.6| ) then tells us that this state has infinite energy or mass. Therefore it cannot be 
a stable BPS state. The same may happen for geodesies going to Cqo = oo. It is quite 
amusing how the question of existence and stability of BPS states in N=2 super symmetric 
field-theories can be reduced to the question of how three-branes of typellB are wrapped 
around three-cycles. 

Let us briefly describe the situation for N=4 SYM one can extract from type JIB on 
K3 X [^. In contrast to ( p. 61) the string mass does not depend on the base due to 
the global product structure K3 x T^. It is given by 

M = ^ , (3.9) 

with Xb being the string coupling of ten-dimensional type IIB. The three-brane is wrapped 
around a two-cycle of K3 with volume e{z) = e ^ ai — aj, now independent on the base, 
and a one-cycle with radius R of T^. This formula has to be compared with (|3.6| ). In 



particular reducing e allows us to globally tune the mass of all the BPS-states far be- 
low Mpianck and other string excitations. By that one may derive the N=4 spectrum of 
supersymmetric gauge theories from the three-branes in ten dimensions, which become 
self-dual strings on after wrapping the three-branes around the two-cycles of K3. The 
BPS condition for the 3-cycles, namely to have minimal volume, translates to the condi- 
tion for the geodesies to be just straight lines on T^. Therefore the W-bosons, monopoles 
and dyons are represented as strings going along the two cycles of T^. This gives us the 
general mass formula, valid for all combinations of cycles, i.e. dyons {p, q) on 



The complex structure modulus of becomes the coupling constant r. Then SL{2, Z)^ 
directly follows from T-duality of In |^ also the multiplicityi of (p, g)-dyons 

following from the S'3-action of S'L(2, Z) on the Spin{8) representations was checked. 
Purely field theoretical checks of the multiplicity of dyons were done in BT 



In the following we want to discuss the BPS-spectra of the three cases Nj = 1, 2, 3 in 
more detail. 

Nf = l: 



Instead of the curve (|2.5| ) we will now use the following form: 



z 

which has the same J-f unction. Eq. (p.7|) now becomes: 



A3 

ly = — + 2^ + 4zm + 4M , (3.11) 



^See also 
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X^(^' = ^^ + z^+Azm + Au. (3.12) 

As explained before, we have to search for self-dual strings running on the 2;-plane from 
the three branchpoints ej(M, m), i = 1,2, 3, corresponding to solutions of ^ + 2;^ + Azm + 
Au = 0. The metric on is flat and the geodesies are solutions of the following first 
order non-linear differential equation: 



with (cf. eq. (|L2D ) 



^ + + 4:mz + 4u- ^^^ = V2Z, (3.13) 
z z at 



Z = rimaD + nea+ -^'^Sifrii . (3.14) 
v2 

The term in the central charge proportional to the mass m arises from a residuum of the 
meromorphic one-form A^i^^ located at 2; = 00. As we will see later, the latter are quite 
important to guarantee the existence of geodesies for certain BPS-states. The initial 



condition is z{t = 0) = Cj for suitably chosen i. It has been stressed already in [|T^], that 



it is crucial to use this special form for the differential ( |3.7| ), i.e. ( |3.12| ), which follows from 



the CY ( |2.6| ), since only that leads to the correct differential equation for the geodesies. 
Modifications, which still give the same periods, will change the differential equation. 

The discriminant Ai(m, m) is a polynomial of degree 3 in u. Therefore we expect three 
dyons (1,0), (1,1) and (1,2), to become massless at the zeros ui{m),U2{rn) and uzijn), 
respectively. This implies a collapse of branchpoints 

ei — > 63 , u — > uiijn) 

62 — > 63 , u — > U2{ni) (3.15) 
ei — > 62 , u — > U3{m) , 

respectively. For m = these three singularities are ui = — 3-2~i, U2 = 3-2~ie~^ = 

3-2 363. 
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(0,1) 



(0,2) 



(1,0) 



(1,1) 





(1,2) 



(1,3) 





(1,-4) 



(2,1) 



Figure 1: Nj 



1 , u 



m 







In this picture we have depicted the resuhs of our analysis. Stable states corre- 
spond to closed trajectories or open trajectories running between two branchpoints. 
Trajectories that run off to infinity or to zero correspond to unstable states. The 
string representing e.g. the monopole goes from the branchpoint Ci to 63. These are 
the branchpoints which collapse at the singularity u = ui. On the GYM this then 
corresponds to a vanishing three-cycle around which the three-brane is wrapped. 
All dyons ±(l,n) and ±(l,2n') are present in agreement with table (1^). The 
other two states, becoming massless at U2 and M3 show up in a very similar way. 
The gauge boson is represented by a closed (counterclockwise) geodesic around the 
branchpoints 63 and the point z = which is drawn as a small circle in our pictures. 
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Thus we find the expected weak couphng spectrum. The trajectory for the (2, 1) 
state runs to infinity i.e. this state is unstable. 



• u = —1, m = 0.5: 




(0,-1) (0,2) 




(1,0) (1,1) 




Figure 2: Nj = 1 , u = —1 , m = 0.5 

In the massive case we encounter a residue of |^ at z = oo. A residuum has 
the effect that the periods a and au are no longer invariant when we deform the 
homology cycles across zr. Therefore, it modiefies the BPS mass formula and the 
equation for the geodesies. On the other hand, this fact is important to guarantee 
the existence of the strings (1,0), (1,1) and (1,2) which are responsible for the 
singularities at ui(m),U2(m) and u^lm), respectively, for non-vanishing masses. 
This is also precisley what we see in the picture and without this modification, we 
would not obtain e.g.: the dyon (1, 1). We also see that already some dyons with 
odd electric charge (1, 2n+ 1) disappear from the spectrum, i.e. in the string picture 
their geodesies run to zero or infinite. We studied the spectra for various real values 
of m and found that for increasing m more and more (1, 2n + 1) dyons disappear. 
Only the (1,1) dyon is present also for large mass. E.g.: the (1,3) dyon is still 
present for m = 0.1, but no longer in fig. 2 at m = 0.5 
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Recently, in some arguments were given, that S is also a function of u and 
differs from its value in the massless case. The quark S = 1 has period a + m but in 
our picture the state (1,0) has period ao and not aD + m/2 which one would expect 
from the mass formula for the monopole with S = 1/2. Similarly the periods for 
the (1, 2n) dyons is a^) + 2na. On the other hand for the (1, 1) state with S = —1/2 
the period is an + a — m and not an + a — m/2. For the other states with odd 
electric charge the period is an + (2n + l)a — m. Thus it seems that part of the 
contribution of the residue is already included in qd- This means that as we send 
m to infinity the monopole and the dyons with even electric charge survive since 
an and a remain finite in this limit but the (1, 1) dyon disappears because its mass 
becomes infinite. The difference of the S quantum numbers is the same in the 
massive and the massless case but the absolute value changes in the massive case. 
This supports the conclusion that the quark number 5* has to be distinguished from 
its physical value that appears in the central charge formula [H^]. 



m 



oo , Ai 



0: 



As we increase the mass, we should finally end up with SYM with the matterfield 
being effectively integrated out. From the curve ( p.ll|) written in the form: 



with z 



u 



W 



^^0 



1 A^ 
- + Au + Az + z^-^ 



— X 



z m 
and mAf = Aq we obtain from ( p.l2| ) 



(3.16) 



A^^=' = 2Aof + 4u + 4~z + f4 • (3-17) 

From these expressions one recovers how pure SYM arises for m ^ oo. For the 
limit m ^ oo we obtain the W and A of fl^ up to irrelevant rescalings which do 
not change the J-function. Whereas ei = ei.f^ and 63 become the branchpoints 

V ^^0 

of the SW-curve, expressed in u, namely 



ei,3 



-5±i 

2 2 



the third branchpoint 62 moves to infinity: 



^^0 5 



(3.18) 



62 — ^ -00 . (3.19) 

During that process we loose many stable BPS states, namely all (1, 2n + l)-dyons, 
which end at 62 and become heavy. The three singularities ui{m),U2{m) and u^{m) 
become 



Ui;i > ±1 

2 (3.20) 

U2 — i> m 



13 



in agreement with what one expects 0. In particular this means that the quark 
becomes massless in the weak-couphng region at m ^ U2{m) = m? . 

Looking at fig.l, at this hmit — > 63 and one would expect the dyon (1,1) to 
become massless at this point. However, as noted in there is an interesting 
phenomenon happening when we increase the mass from zero to higher values. What 
appears as a dyon for small mass appears as an elementary particle for large mass. 
This is due the non-Abelian monodromies since what we call a monopole depends 
on the choice of a basepoint and a path around the singularity in the moduli space. 
When we start to increase the mass the singularities will move around each other 
in moduli space and the chosen path is deformed and will differ from the natural 
choice of path we would make for large mass. When we change the choice of paths 
the monodromy will be conjugated while it still belongs to same conjugacy class. 
This conjugation changes the magnetic and electric quantum numbers e.g. a dyon 
may become a quark. 

• u = 0, m = 0: 




Figure 3: Nj = l,M = 0,m = 

Notify that the dyon (1, 2) shows up with the quantum numbers (0, 1) in the strong 
coupling region. This is because, in general, one has to relabel quantum numbers 
when crossing a branch cut of the periods to guarantee the BPS mass formlua (|1.2|) 
to stay a smooth function in m In other words, these states are related to 
the conventional notation of the strong-coupling states {(1, 0), (1, 1), (1, 2)}, which 
only refer to a certain choice of paths around the singularities and a choice of 
the basepoint. For the basepoint m = the path for the (1, 2) state is not the 
natural choice. The natural path around M3 yields a dyon with charges (0, 1) and 
the corresponding monodromy is related to the monodromy of the (1, 2) state by 
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conjugation. It is the quantum number S which says that this state with electric 
charge one is rather a dyon (5* = |) than a quark {S = 1). In this picture we 
also see very nicely the appearance of a monopole and two dyons with mutually 
non-local charges 'at the same time', i.e their monodromies do not commute. As 
we have explained before, on the CYM these states correspond to three-cycles with 
non-trivial intersection number. At the curve of marginal stability the PF-boson 
decays. This decay, involving an interaction between particles with mutually non- 
local charges, can be recognized in the picture: The sum of the paths of all three 
strings with magnetic charge adds up to a closed circle, which includes cq = 0. 
Therefore, after fig. (|1|) it must be identified with the W^-boson. 

(0,2) = (1,1) + (0,1) -(1,0). (3.21) 

There is a minus-sign for the monopole, since this string goes into the opposite 
direction, in contrast to all other states which go counterclockwise, in agreement 
with the H^-boson in fig. (|I|). Thus, we see that the 1^-boson appears 'virtually' 
in the figure. After multiplying eq. ( |3.21| ) by two we recover the H^-boson decay 



which preserves the S-charge 

(0, 2)o 4(0, 1) 1 + 2(1, -l)_i + 2(-l, 0)_i . (3.22) 
u = 0.3, m = 0.5: 




Figure 4: iV/ = 1 , m = 0.3 , m = 0.5 

In the massive case, we keep all three strong-coupling states, since we still have 
the three singularities in the u-plane, which have moved depending on the mass m. 
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This is in agreement with table ( |1.7| ). We are now in a strong-couphng region where 
it is not possible to obtain formally the M^-boson loop surrounding cq. We have: 



(0,1) + (1,-1) -(1,0) = (0,0) . (3.23) 

Notify, that we have really zero on the right hand side, since we also do not encounter 
the residuum. 



u = 0, m = 0.75: 

In the Nf = 1 case we have a superconformal point at e.g.: u = j = m, where two 
particles with mutually non-local charges become massless. In this case these are 



the dyons (1, 1) and (1,2) [|1^, |11|. At such points all three branchpoints coincide, 
as it can already be seen from fig. (^. Since these two dyon-strings run between 
two such branchpoints, from the string-picture it is obvious that these particles 
become massless. Since one is able to approach this limit while keeping both states 
this could be a hint that string-theory may be the right framework to describe the 
physics near and at the superconformal points. The periods vanish at this point. 
After ( |1.2| ) this indicates that the mass of the other BPS states is entirely given by 
the residuum. As in fig. 3 we can visualize the VT-boson: 

(0,2) = (-1,0) + (1,1) -(0,-1) , (3.24) 

allowing for the decay (|3.22|) with non-trivial interactions. Again, the sign of (0, — 1) 
is reversed, since it runs clockwise, in contrast to the other two dyons. In this case 
we also pick up a residuum, when encircling along the H^-boson loop. 




^ 1 



Figure 5: Nf = 1 , u = , m = 0.75 
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Nf = 2: 

For the Nf = 1 case we have studied trajectories in the cut P^-base. They are to be 
related to curves on the Riemann surface E. Therefore we can also investigate the prop- 
erties of the BPS-states on this surface directly. 

Let us now discuss the case with two flavours by writing down the necessary ingredients 



to find the BPS-states. The details about the relevant CYM can be found in [^. The 
curve one ends up is: 

9 / 9 A9\ , , m^Klx m^Ai 

^ = r-6i]<^-">+^-V' <^-2^' 

where we have set mi = 1712 = m. In the x-plane we have the following three branchpoints: 



ei 



A2 
^^2 



V 1 I 

62 = J(Ai - 8n)2 - 32Ai(2m2 - n) 



u Ai 1 



63 = - - ^ + -V(Ai - 8«)2 - 32Ai(2m2 
The positions of the three strong coupling singularities are: 

A^ 

Ml o = — ^ =F A2m 



u 



"■2 I 2 

U3 = \- m 



J (3.27) 



The meromorphic one-form is given by: 



.Nf=2_ V2 dxy 

64 

Notify that this one-form has a residue at xr = — IA2. For generic masses there is also 
a residue at xji = |A| which vanishes when the masses are chosen to be equal. The 
residue vanishes for the limit m —>■ 00, A2 with m'^Al = Ag, in agreement with the 
fact that we do not expect any residuum in the pure SYM case 0. Let us first discuss 
the weak-coupling region: 
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(0,1) 



(0,2) 




(1,0) (1,1) 




(1,2) (1,3) 



Figure 6: Nf = 2,u = l,m = Q 

As in the Nf = 1 case we find the expected weak-couphng spectrum ( |1.6|) ; the quark 
and the dyons are represented by open trajectories and the W-boson by a closed 
one. The cross in the Nf = 2 pictures denotes the branchpoint at x = — which, 
in the case of non-zero mass m, coincides with the location of the residue. We were 
not able to find closed geodesies with magnetic quantum numbers greater than one 
and conclude that these states are unstable as expected. 
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®2 ®1 ®3 

(0,1) 



(0,2) 



(1,0) (1,1) 





(1,2) (1,3) 



Figure 7: Nj = 2 , u = 1 , m = 0.7 

In the massive case the form of the periods for the BPS states is the same as in the 
Nf = 1 case i.e. we have a£, + 2na for (1, 2n) dyons and + (2n + l)a + m for 
the (1, 2n + 1) dyons. If we stay at weak coupling and turn on the mass, the higher 
the mass becomes, the more (l,2n + 1) dyons with large elecric charge disappear. 
In particular we see that the spectrum does not jump suddenly. Only the (1, 1) 
dyon fig. (|^ survives also at large m since it is responsible for the singularity at 
u = u^. In the flow to the pure gauge theory this singularity goes to infinity and 
the singularities ai u = ui^2 become the monopole and dyon point of the pure SYM 
theory. 

■u = 0, m = 0: 

As we decrease u for m = we will cross the curve of marginal stability where all 
states decay into two states, the monopole (1,0) and the (1, 1) dyon. 
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®2 ®3 ®1 ®2 ®3 ®1 

(1,1) (1,0) 

Figure 8: Nf = 2,u = 0,m = 

In our analysis the strong coupling spectrum appears as two straight open strings 
stretched between two branchpoints (with opposite direction). See fig. (|). Again, 
both states add up to the W^-boson cycle 

(0,2) —^2(1,1) -2(1,0) , (3.29) 
after taking into account the different directions of the two strings. 

• u = 0, 171 = 0.7: 

(1,0) 




2 



(1,-1) 

Figure 9: Nf = 2 , u = , m = 0.7 
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On the other hand, when we turn on the mass, the monopole singularity U12 = — 
sphts into two singularities ui^2 [cf. eq. (3.26)] and therefore we expect three dyonic 
states in the strong coupling regime [e.g.: (1,0), (1,1), (1,2)]. After fig. (^ these 
three states add up to zero, since we do not encounter the zero Cq like the VT-boson 
in fig. (7): 

(0,1) + (1,-1) -(1,0) = (0,0) . (3.30) 
We also do not pick up a residuum. This picture is similar to fig. (4). 



The curve for the theory with three fiavors of equal mass is given by 

W = x^ix -u)- —klix - uf - —m^!<i(x - u) + -m%a; - — m^A^ . (3.31) 
V ^ 64 ^ 64 ^ 4 64 ^ ^ ' 

The differential takes the following form: 

Ar^=3 \pl dx x(3m^ + 6m^ — Amu + 2mx — 2ux + x^) 



Sit {m? - x^) V— 3m^ + 3m^ — — 3m?x + 2m^x + 2ux — — ux^ + x^ 

(3.32) 

where we have set A3 = 8. The three branchpoints are determined to (m = 0):: 



ei = u 

62 = ^(1 + V1-4m) (3,33) 

es = ^(1 - VI - 4u) . 

They collapse ei —>■ 63 for u with the monopole becoming massless and 63 — > 62 
for M — > I with the (2, —1) dyon becoming massless, respectively. Let us focus on two 
cases with zero mass, both at weak coupling. They differ by the arrangement of the 
branchpoints in the x-plane. From these two examples, one can see how different the 
BPS-states are represented depending on the modulus. E.g.: in fig. 10 one would guess 
the quark becoming massless for 62 — >■ 63 = |. However, in fig. 11, which is also the right 
patch to approach this limit, one realizes that when 62, 63 \ and ei ^ \ the quark 
encloses the branchpoint ei, i.e. it cannot become massles. 
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• u = —6, m = 0: 




Figure 10: Nj 



3 , u 



-6 , m 



In this case we have: ei = —6, 62 = 3, 63 = —2. The geodesies we found are the 
quark, the W-boson and the (1,^) dyons in agreement with ( p,.6| ). But the strings 
corresponding to states with magnetic charge two predicted by [0 could not be 
found despite strong efforts fig.(|TO). 
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• u = 1/2, m = 0: 




Figure 11: Nf = 3,u = ^,m = 

The situation is similar to the u = —6 case, the states with magnetic charge up to one 
were found but in our pictures the (2, —1) state has a non-expected behaviour: For the 
case of M = 1/2, it should be represented by a geodesies starting at 62, passing by ei and 
finally ending at 63. This fact could be related that the meromorphic differential (|3.32|) 
is not the canonical one. 

For the strong-coupling spectrum we obtain a similar figure as fig. 8 with (1, 1) just 
replaced by (2, —1). 
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4 Concluding remarks 



We have studied the spectrum and the stabihty of BPS states in N=2 SYM theory with 
Nf = 1,2,3 massive flavours in the fundamental representation. This has been accom- 
plished by investigating a point-particle limit of the underlying typell string-compactifi- 
cation which leads to the corresponding SU{2) SYM theory with massive matter. The 
BPS-states arise on typellB from three-branes in ten dimensions. After wrapping them 
around the vanishing two-cycles of the local K3 they become self-dual strings on an Rie- 
mann manifold S which is equivalent to the SW-torus. We could establish a correspon- 
dence between self-dual strings on such manifolds and the field-theoretical BPS-states 
one expects from N=2 SYM. This enabled us to study their stability and strong-coupling 
behaviour. Indeed we could verify the tables, shown in the introduction, up to one dis- 
crepancy concerning the (2, 1) state in the Nf = 3 case. In this picture gauge fields and 
monopoles appear on equal footing, since the two homology cycles of S correspond to 
magnetically and electrically charged self-dual strings, respectively. This picture seems 
to be the right framework to describe, e.g. particles with mutually non-local charges be- 
coming massless or decaying at certain regions in the moduli space. This is a quite difficult 
task in field theory where gauge bosons appear as elementary particles and monopoles as 
solitonic solutions or vice versa. 

Unfortunately, for the case of three fiavours we could not find evidence for the existence 
of the (2, 1) state, which would be very important for consistency which follows from 
matching the m oo spectrum with fiavour symmetry SU{3) x U{1) (for equal quark 
masses) with the m = spectrum with S'f/(4). We interpret such that the existence 
of the dyon (2,1) was established on the ground of mainly because of the lack of a 
Z-symmetry in the moduli space. In global N=2 SUSY one can construct such a state 
0. But it still remains to proof that the curve for the Nf = 3 case also allows for such a 
state as it has been proposed in 0. 

The SW-geometries and their BPS-spectra arise in ||T7| , |1^ and for the cases, we 



considered here, from higher dimensional theories with extended objects, namely type 
IIB with solitonic three-branes. There are now many recent results where the curve 
or the effective action of N=2 SYM without or with massive matter emerges either as 
useful tool to describe some deformations away from an orbifold point of F-theory on 
K3 , as effective theories which describe some higher dimensional theories in a certain 
region of their moduli space or as part of a more complicated theory ^ and e.g. 



1.2 ) arises as the mass of (p, g)-strings going between different branes |37|. Therefore it 



should be possible to obtain the results we have gotten here within those frameworks. I.e. 
starting from the BPS-states in these theories one should be able to deduce constraints 
for the field-theortical Seiberg-Witten spectrum. This was done partially in ||^ based 
on the equivalence between N=2 SU{2) SYM with Nf = 4 and the world-volume theory 
of a three-brane of type IIB in the presence of a configuration of four 7 D-branes and 



an orientifold plane In this case, the mass formula of the BPS-states ( |1.2| ) can be 
related to the mass of an open string going from a three-brane to a seven-brane. A 
BPS state is obtained when the mass is minimized, i.e. when the path from the three- 
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brane to the seven-brane goes along a geodesies. Notify, that ref. |^ 
curves for Nf = 3. Geodesies have also appeared recently in a different context 



obtains also the 
when 



discussing symmetry enhancement in F-theory on K3, where open strings representing 
the VT-bosons connect seven-branes along geodesies p8 
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